Purpose: The aim of this paper is to investigate the closed-loop supply chain (CLSC) network equilibrium with the consideration of three practical factors: two complementary types of suppliers, risk-averse character of the manufacturer and capacity constraints of the suppliers.
sensitivity analysis in Section 4 to generate managerial insights from our model. Finally, conclusions and suggestions for future research are given in section 5.
Closed-Loop Supply Chain Network Model
The general CLSC network investigated is illustrated in Figure 1 , which consists of the forward supply chain network and the reverse supply chain network. In the forward network, two groups of J1 and J2 suppliers provide two complementary types of raw materials respectively for M manufacturers who are involved in the production of homogeneous products, which are then shipped to N retailers, who, in turn, sell the products in K demand markets. In the reverse network, I collectors pick up the EOL products from the demand markets, gather, clean and deliver them back to the manufacturers for remanufacturing. In Figure 1 , the real lines express the forward transactions between the suppliers and the manufacturers, the manufacturers and the retailers, the retailers and the demand markets; the dashed lines illustrate the reverse transactions between the demand markets and the collectors, the collectors and the manufactures. Moreover, it is assumed the remanufactured products and the new products are indistinguishable. In other words, there are no perceived quality and reliability depreciation of the two kinds of products for the consumers. 2 ) R + J 1 M +J 2 M . Let f 1 j 1 (q J 1 r ) and f 2 j 2 (q J 2 r ) denote the production cost of supplier j1 and j2 respectively, which means the cost of supplier j1, j2 depend not only on his own raw material output but also on those of the other suppliers. 
Equation (1) states that the profit of the 1st-type supplier is equal to sales revenues of raw materials minus the costs associated with production and transactions. The first inequality of constraint set (2) means the production quantity of the 1st-type raw material by the supplier should be no more than the upper bound of his capacity. The second inequality of constraint set (2) means the transaction volumes between the supplier and all the manufacturers must not exceed his production quantity.
The profit maximization problem of each supplier j2 can be expressed as
Similar as Equation (1) and constraint set (2), we can explain Equation (3) and constraint set (4) for the 2nd-type supplier.
Because the same type suppliers compete in a non-cooperative fashion, the optimality conditions for both type of suppliers can be expressed simultaneously using the following variational inequality: determine the optimal solution (q J 1
Where
The Equilibrium of the Manufacturers and their Optimality Conditions
Each unit of product is made up of b1 unit of 1st-type raw material and b 2 unit of 2nd-type raw material, which is the so-called "Bills of Materials (BOM)".
Let qm denote the non-negative production output by raw materials of manufacturer m, and group the production output of all manufacturers into the column vector q  R +
M
. The product shipment between manufacturer m and retailer n is denoted by qmn; the product shipments between all pairs of manufacturers and retailers are grouped into a column vector
Denote ρ mn Each manufacturer m is face with the production cost of the raw materials fm(q) and the remanufacturing cost of the EOL products f m u (q u ) respectively. Assume these two functions are continuous, differentiable and convex. The transaction cost undertaken by the manufacturer between manufacturer m and retailer n is a function of cmn=cmn(qmn). Moreover, in order to express competition among manufacturers, it is assumed that fm(q) depends not only on the production output of manufacturer m but also on those of the other manufacturers.
Given the above notations and assumptions, we can express the criterion of profit maximization for manufacturer m as:
where
Equation (6) indicates that the profit of the manufacturer is equal to sales revenues of new and remanufactured products minus the production and remanufacturing costs, the buy-back costs of EOL products and the transaction costs with the suppliers and the retailers. The first inequality of constraint set (7) means the shipments of products between the manufacturer and all the retailers should be equal to or less than the sum of the production output and the remanufacturing output. The second inequality of constraint set (7) means that the manufacturer's production quantity of new products should be constrained by the quantity of 1st-type raw material purchased from the suppliers dividing by the number of the 1st-type raw material in each product according to the BOM. The explanation of the third inequality is similar as the second one. The fourth inequality of constraint set (7) means the quantity of the EOL products that the manufacturer intends to remanufacture is less than or equal to the transaction volumes between him and all the collectors.
Moreover, we assume that with the consideration of the risk associated with purchasing raw materials from the two-type suppliers, shipping the products to the various retailers and obtaining EOL products from the collectors, all the manufacturers are characteristic of risk aversion. Therefore, besides the criterion of profit maximization each manufacturer is concerned with risk minimization. The risk level perceived by a typical manufacturer may be dependent not only on the flows he controls but also upon those controlled by other manufacturers. Hence, the second criterion of manufacturer m can be expressed as (Zsidisin, 2003; Nagurney, Cruz, Dong & Zhang, 2005) :
Each manufacturer associates a non-negative risk-averse degree lm with the risk minimization criterion (8). Hence, the multi-criterion decision-making problem for manufacturer m can be transformed into a single objective optimization problem (Keeney & Raiffa, 1993) :
We presume that the transaction cost functions and the risk functions for each manufacturer are continuous and convex. Because all the manufacturers compete non-cooperatively, the optimal conditions for all the manufacturers can be described as the following variational inequality: determine the optimal (q
The Equilibrium of the Retailers and their Optimality Conditions
The retailers transact with the manufacturers as well as the consumers. Specifically, they need to decide how much to order from the manufactures in order to deal with the demand markets while seeking to maximize their profits.
Let s n =∑ m=1 M q mn , in turn, denote the total order quantity at retailer n that he obtains from all the manufacturers, and group these purchased amounts into the column vector
retailer n is faced with what we term a handling cost, which may include the display and storage cost associated with the product. Let cn(sn) denote this cost function and it is continuous, differentiable and convex.
The product shipment between retailer n and demand market k is denoted by qnk; the product shipments between all pairs of retailers and demand markets are grouped into a column vector
The retailer n has associated transaction costs in regard to transacting with the demand market k. Let cnk(qnk) represent this cost. In addition, the transaction price between retailer n and demand market k is denoted by ρ nk
For retailer n, his maximum profit model is
Equation (11) indicates that the profit of the retailer is equal to sales revenues of new and remanufactured products minus the handling cost, the purchasing costs paid to the manufacturers and the transaction costs with the collectors. The equality in constraint set (12) means that the handling quantity at the retailer's should be equal to the quantity of the products he purchases from all the manufacturers. The inequality in constraint set (12) means that the total sale volumes from the retailer to all the demand markets should be no more than the retailer obtains from all the manufacturers.
Because all the retailers compete in a non-cooperative fashion, the optimality conditions for all retailers can be expressed as the variational inequality: determine the optimal (Q
The Equilibrium of the Demand Markets
The consumers in the demand markets transact with the retailers as well as the collectors.
Specifically, in the forward supply chain, the consumers need to decide the purchasing quantity of the products and the price they are willing to pay. In the reverse supply chain, the consumers should decide the quantity of EOL products that will be returned to the collectors.
In the forward supply chain, let rk denote the price of the products at demand market k and group all these rk into a column vector ρ  R + k . Further, denote the demand of the products at demand market k as dk(r), which is a monotone decreasing function with respect to the prices of all the markets. In addition,ĉ nk (q nk ) is introduced to represent the transaction costs undertaken by the consumers in demand market k while buying the products from retailer n.
Now we can give the following equations according to the spatial price equilibrium theory (Nagurney et al., 2002) .
For retailer n,
and for demand market k,
Equation (14) states that if the consumer at demand market k purchases the products from retailer n, then the price charged by the retailer for the product plus the unit transaction cost undertaken by the consumer does not exceed the price that the consumer is willing to pay.
Equation (15) states that if the price that the consumer at demand market k is willing to pay is positive, and then the quantities purchased of the product should exactly be equal to the demand (Nagurney et al., 2002) .
Let qik denote the EOL product transaction volume between collector i and demand market k, and group all these qik into a column vector Q 6  R +
IK
. In the reverse supply chain, the consumers' behaviors can be characterized by Equation (16) subject to constraint (17).
Equation (16) means that the customers at demand market k need to choose the quantities of EOL products returned to collector i corresponding to the value of the buy-back price. Herein
) represents the consumer disutility function at demand market k for handing over the EOL products, which is a monotone increasing function depending on the collection quantity.
That is, the more EOL products collector i wants to obtain, the higher buy-back price he has to offer. Constraint (17) means that the amount of the EOL products demand market k decides to return should be less than or equal to the amount purchased in the forward supply chain multiply the return ratio m (Hammond & Beullens, 2007; Yang et al., 2009 ).
Combining consumer behaviors in both forward and reverse supply chains, the equilibrium conditions for all the demand markets can be expressed as the following variational inequality:
The Equilibrium of the Collectors and their Optimality Conditions
The collectors transact with the demand markets as well as the manufacturers. They need to decide the collection quantity of the EOL products from the demand markets and the transaction volumes with the manufacturers.
q ik , in turn, denote the total volume of the EOL products at collector i that he obtains from all the demand markets, and group these amounts into the column vector t  R + I .
The collectors clean, inspect and classify the EOL products before transacting with the manufacturers. The corresponding processing cost of collector i depends not only on his own but also on those of the other collectors in order to embody competition. Let cim(qim) denote the transaction cost function undertaken by the collector between collectors i and manufacturer m. L e t b3 represent the proportion that the quantity of remanufacturable products accounts for that of all the EOL products and satisfy b3  (0,1]. Moreover, the government provides the collectors with unit subsidy u for each EOL product collected to stimulate the development of reverse logistics. Therefore, collector i can obtain the aggregate
For collector i, his maximum profit model is
Equation (19) indicates that the profit of the collector is equal to sales revenues of EOL products plus the government subsidies minus the collection costs from the demand markets, the transaction costs with the manufacturers and the processing costs. Constraint (20) means that the transaction volumes between the collector and all the manufacturers should be no more than the amount that he transacts with all the demand markets multiplies the ratio of the remanufacturable EOL products.
Because all the collectors compete in a non-cooperative fashion, the optimality conditions for all collectors can be expressed as the variational inequality: determine the optimal
The Governing Equilibrium Condition of the CLSC Network
In equilibrium state, the optimality conditions for all suppliers, all manufacturers, all retailers, all collectors and the demand market equilibrium conditions must be satisfied simultaneously.
Hence, we can obtain the governing equilibrium condition of the CLSC network.
Theorem
The governing equilibrium condition of the CLSC network is given by the following variational
Proof
With some algebraic manipulation, it can be seen that varational inequality (22) and its constraint set is indeed the sum of inequalities (5), (10), (13), (18) and (21) and their constraint sets.
be Lagranian multipliers column vector with respect to the constraints
When the governing network model is determined, the endogenous price variables can be retrieved by means of the method introduced in Nagurney et al. (2002) and Yang et al. (2009) , that is:
Network Equilibrium Algorithm
For easy formulation in the following, we group the terms of the multiplication signs in inequality (22) 
The feasible domain of variational inequality (23) is defined on a polyhedral set of nonnegative orthant. As a consequence, the production capacity constraints induce ineffectiveness of the modified projection method proposed by Korpelevich (1976) . Fortunately, the logarithmic-quadratic proximal prediction-correction (LQP-PC) method developed by He, Xu and Yuan (2006) can be applied for solving this variational inequality problem. LQP-PC method provides an iterative solution framework that can not only get the optimal solutions and Lagrangian multipliers simultaneously, but also has faster convergence and higher accuracy compared with the modified projection method. Therefore, in this paper we employ LQP-PC method to solve variational inequality (23). To implement LQP-PC method effectively, it is essential to transform the constraint set into the form of partitioned matrix firstly, and then carry out the prediction and correction procedures while adjusting the step size adaptively. We refer the readers to the work such as Meng, Huang and Cheu (2009) to reach a comprehensive understanding.
Numerical Examples
Now consider a CLSC network which consists of two competitive 1st-type suppliers, two competitive 2nd-type suppliers, two competitive manufacturers, two competitive retailers, two competitive collectors and two demand markets. 
The handling cost of retailer n is c n (s n )=8 s n 2 , n=1,2.
The processing cost of collector i is
The unit subsidy for each EOL product collected is u=2.
The proportion the quantity of remanufacturable products accounts for that of all the EOL products is b3=0.96.
The transactions cost function undertaken by the demand market between retailer n and demand market k isĉ nk (q nk )=q nk +5, n=1,2, k=1,2 .
The consumer disutility function at demand market k is a k (Q 6 )=0.
The transactions cost function undertaken by the retailer between retailer n and demand market k is c nk (q nk )=4 q nk 2 +5, n=1,2, k=1,2 .
The demand functions at demand markets are d1(r)=400-10r1-2r2 and d2(r)=400-10r 2 -2r 1 .
Implementing the LQP-PC method for the example can yield the equilibrium solutions of the CLSC model with and without capacity constraints. The convergence criterion of the LQP-PC algorithm is set that the absolute value of difference of decision variables and Lagrange multipliers between two steps is lower than or equal to 10 -8
. Here we list and illustrate the results of the followed four cases.
Example 1: Set the risk-averse degree of the manufacturers lm=0.3, m=1,2. Investigate the impact of return rate on the transaction prices, transaction volumes and the profits of two types of suppliers, manufacturers, retailers and collectors under different product BOMs, as shown in Table 1 . According to Table 1 , it can be observed that no matter which kind of product BOM is, as the increase of the return rate, the quantities of raw materials produced by the two type suppliers decrease; on the contrary, the transaction volumes of EOL products between manufacturers and collectors, the quantity of EOL products used to remanufacture and the total transaction volumes of products (including new products and remanufactured products) between manufacturers and retailers increase. More concretely, as the return rate increases, the increased output of remanufactured products generated from more EOL products available for reuse is larger than the decreased output of new products due to the reduction of raw materials provided by the suppliers. The average production cost comes down as a result of the increase of the EOL products so that the manufacturers prefer to produce more products.
Further, the retailers obtain more products from the manufacturers and sell them at a relatively lower price, which is benefit for the consumers at the demand markets. All the channel members and the whole CLSC can get more profits except the suppliers. Base on the above results, we can draw the conclusions that the increase of the return rate can reduce the input of raw materials, stimulate the transactions of the CLSC network and boost the economy, so it is accordance with the philosophy of the sustainable development.
Example 2: This example is conducted from Example 1 as follows. We keep the data in Example 1 but set the maximal production capacity of the two-type suppliers. On this basis, we investigate the impact of return rate on the equilibrium of the CLSC network under different product BOMs, as shown in Table 2 . In Table 2 , comparing the equilibrium solutions between the first two symmetric product BOMs (b1=2, b2=1 and b1=1, b2=2), we can find that with the symmetric capacity constraints, the production quantity of new and remanufactured products, the transaction volumes between adjacent echelons and the market prices under the two BOMs are identical when the same return rate is set. The profits of the retailers and the collectors are equal too. This is because the capacity constraints limit the supply of the suppliers, which, in turn, makes the quantity of the new products made by raw materials precisely be equal to 0.25. Moreover, the same return rate under the two cases of BOMs corresponds to the same quantities of EOL products collected and remanufactured products. So there is no difference of transaction volumes between the retailers and the manufacturers, the collectors and the manufacturers, which further leads to the same pricing and profits of the retailers and the collectors in the two BOMs. The reason that the profits of the manufacturers and the suppliers are different in two
BOMs lies in that the cost functions of the two-type suppliers are distinct.
For the last product BOM (b1=2, b2=2), when the return rate is relatively low (m=0.4), the production capacity constraints limit the supply of raw materials; instead when the return rate is relatively high (m=0.5 and m=0.6), the quantities of raw materials provided by the suppliers are equal to that without capacity constraints. It is because the manufactures have two different channels to meet the market demand in CLSC. If the EOL products available for remanufacturing are sufficient, the quantity of the raw materials purchased by the manufacturers need not be up to the maximum capacities of the suppliers.
Example 3: This example is conducted from Example 1 as follows. We fix the return rate m = 0.5, keep the other data in Example 1 but assume the two manufacturers are risk-averse.
They are not only concerned with profit maximization but also risk minimization. Their risk functions are given by r m =( ∑ n=1 N q mn −0.6) 2 . This risk measure can be explained as follows: the two manufacturers wish to increase the transaction volumes with the retailers in order to sell more products. On this basis, we investigate the impact of risk-averse degree of the manufacturer on the equilibrium of the CLSC network under different product BOMs, as shown in Table 3 . According to Table 3 , it can be observed that as the risk-averse degree lm increases, the production quantity of raw materials, new products and remanufactured products, the collection quantity of EOL products and the transaction volumes between adjacent echelons increase too. All the channel members and the whole CLSC can get more profits except the manufacturers. We can explain the results as follows: according to the equilibrium solutions in the absence of risk aversion in Table 1 , it can be found that the optimal transaction volume of the products between the manufacturer and the retailer is lower than 0.3 under each product BOM when m=0.5 is set, so the transaction volume between one manufacturer and the two retailers is less than 0.6. Therefore, based on the given risk functions, the manufacturers need to purchase more raw materials from the suppliers, buy-back more EOL products from the collectors and make more products to hedge the risk. The behaviors of the manufacturers make the transaction volumes of the CLSC network increase and improve the profits of the other members. However, for the manufacturer himself, there is a conflict between the two objectives of profit maximization and risk minimization. In other words, if the manufacturers can give up a part of interests, then the performance of CLSC will be better.
Example 4: This example takes the two factors of risk aversion of the manufacturers and capacity constraints of suppliers into account. On this basis, we investigate the impact of riskaverse degree on the equilibrium of the CLSC network under different product BOMs, as shown in Table 4 . According to Table 4 , it can be observed that under the first two kinds of product BOMs (b1=2, b2= 1 a n d b1= 1 , b2=2), the equilibrium production and remanufacturing quantities, the equilibrium transaction volumes and the profits of various channel members don't vary with the change of the return rate due to the effect of the capacity constraints of the suppliers.
Under the last product BOM (b1= 2 , b2=2), when lm=0.2, the optimal quantities of raw materials made by the suppliers don't reach the upper bound of their capacities; whereas as lm continues to increase to 0.3 and 0.4, the capacity constraints will take effect.
Conclusions
We study a CLSC network equilibrium problem considering two-type suppliers, the risk-averse character of the manufacturers and the capacity constraints of the suppliers comprehensively.
Based on finite-dimensional variational inequality theory, we analyze the optimal behaviors of various channel members and establish the governing CLSC network equilibrium formulation.
The LQP-PC algorithm is utilized to solve the variational inequality problem. Numerical examples are given to analyze the impact of return rate and risk-averse degree upon the network equilibrium under different BOMs. The results show that with the increase of return rate, the profits of various channel members and the performance of the CLSC system will improve. With the increase of risk-averse degree, the manufacturers will bear benefit losses. In other words, there is a contradiction between profit maximization and risk minimization for the manufacturers. Moreover, the economic behavior of the CLSC is likely to be limited by the capacity constraints of the suppliers.
In the future, we would like to extend our model to study the multi-period CLSC network equilibrium problem involving multi-type suppliers and risk aversion.
